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The form of the De bye-Waller factor in EXAFS is discussed in detail, and an expression is 
obtained for this factor in a general three-atom system of Cs symmetry. The normal modes which 
contribute to the De bye-Waller factors for each scattering path are dependent on the symmetry of 
the system. A series of model three-atom systems with C 2" symmetry are studied and the Debye-
Waller factors as a function of the bridging angle are discussed for each of these systems. The 
temperature dependence of the Debye-Waller factor for each scattering path is also studied. In a 
system of C 2" symmetry, approximating the double and triple scattering Debye-Waller factors by 
the second shell single scattering factor is shown to be strictly valid only for a system close to 
linearity. The error due to this approximation is dependent upon the amplitude of the individual 
scattering paths and is shown to increase with temperature. When the single scattering 
contribution is unimportant, there is shown to exist a temperature where the above 
approximation is exact. 
I. INTRODUCTION 
In recent years extended x-ray absorption fine structure 
(EXAFS) spectroscopy has been used extensively as a struc-
tural tool. Although the existence of the extended structure 
has been known for many years, it was not until Sayers, 
Stem, and Lytle1 introduced a simple parametrization of the 
structure that the informational content ofEXAFS was real-
ized. In addition, the development of synchrotron and labo-
ratory EXAFS facilities has made the technique available to 
a large number of investigators and provided a major impe-
tus towards the development ofEXAFS as a structural tool. 
Much of the present interest in EXAFS stems from its 
short range nature which allows the technique to be applied 
in instances where other structural tools are not suitable. 
The sensitivity to short range order insures that the EXAFS 
contributions from distant shells are small, which in tum, 
greatly simplifies an analysis of the extended fine structure. 
The ability to change the x-ray frequency over a large energy 
range allows structural information to be obtained on the 
local environment about each absorbing atom in the sample. 
In principle, bond distances, coordination numbers, and the 
types of neighboring atoms present may be determined from 
an EXAFS study. 2 
The purpose of this paper is to provide a detailed study 
of the nature of the Debye-Waller factor in EXAFS. In gen-
eral, the Debye-Waller factor has components due to static 
and vibrational disorder. This paper will address the prob-
lem of thermally excited vibrations and their effect on EX-
AFS spectra. Previous studies of the De bye-Waller factor in 
EXAFS were concerned solely with single scattering 
events. J-6 Recently, however, there has been considerable 
interest in multiple scattering EXAFS processes and the de-
termination of bond angles from an analysis of the extended 
structure. 7•8 The possibility of determining accurate bond 
angles from an EXAFS study is obviously dependent on an 
understanding of the relative motion of the atoms involved. 
This present work will discuss the nature of the Debye-
Waller factor in EXAFS spectra which contain a significant 
multiple scattering component. 
II. THE GENERAL FORMALISM 
The problem of thermal diffuse scattering is important 
in any structural tool which uses the difference in the phase 
of a scattered wave from different scattering sites to obtain 
structural information. In general, the effects of thermal vi-
brations are included by setting the distance between the 
scattering sites to their equilibrium values and multiplying 
each term representing the scattered intensity by a factor of 
the form exp( - M) where M is the Debye-Waller factor for 
the scattering process. We present below a general formal-
ism which may readily be applied to most scattering prob-
lems including the EXAFS effect. 
Consider the following general scattering problem. 
Suppose we have an N-particle system with masses mi 
(i = l, ... ,N ). Let ri denote the position vector of the ith atom 
in its equilibrium position with respect to some arbitrary 
origin. If ui is the displacement vector of the ith atom from 
its equilibrium position then the instantaneous position of 
this atom is given by 
r=ri +ui. (1) 
Let us consider now the scattering process whereby a parti-
cle incident in the direction k is scattered by atom i into the 
direction k'. The probability amplitude ai for this event in 
the absence of thermal vibrations is 
- (k'ITik)- o i(k-k')·•; ai- i -aie , (2) 
where Ti is the T operator associated with the scattering 
potential at r = ri. a? is the probability amplitude for the 
same scattering event but located at the origin. 10 At finite 
temperatures, however, the position of the ith atom is given 
by Eq. ( 1) so that the time dependent probability amplitude 
Ai may be written as 
(3) 
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where K = k - k' and liK represents the momentum trans-
ferred to the scattering atom. The total probability ampli-
tude is then the sum of the amplitudes A; due to the individ-
ual scattering centers 
(4) 
The total scattered intensity is then proportional to 
(5) 
Throughout this present work the harmonic or qua-
dratic approximation is assumed. While this approximation 
is strictly valid only for small displacement or amplitudes of 
vibration, it does however, provide a reasonably accurate 
description of most solids and molecules particularly at low 
temperatures.9 To study further the temperature depen-
dence of the scattered intensity in the quadratic approxima-
tion it is convenient to introduce the normal coordinates Q, 
(n = l, ... ,3N). These coordinates have the advantage that 
they diagonalize both the potential and kinetic energy matri-
ces of the system. The displacment vectors U; may be ex-
pressed in this coordinate system as 
u;mJ12 = I e7Q, (6) 
n 
or 
where e7 = e7!mJ12 and represents the amplitude vector of 
the ith atom in the nth normal mode. The transformation 
between mass weighted and normal coordinates is orthogo-
nal and therefore the amplitude vectors e7 form an orthonor-
mal set defined by 11 
I e7·e7' = o,, .. (7) 
i 
This property of normal coordinates eliminates the interac-
tion or cross terms which occur in the potential and kinetic 
energies of the system. Equation (7) also serves to normalize 
the amplitudes of vibration of the atoms in each normal 
mode. 
With the aid of Eq. (6) the expression for the scattered 
intensity [Eq. (5)] may be rewritten as 
(8) 
i j 
where J.Lij = K•(e7 - ej) and the sum in the exponent of Eq. 
(5) has been expressed as a product of exponential terms. 
To obtain the experimentally observed intensity we 
must perform an ergodic average ofEq. (8) over a time period 
which is short on a microscopic scale but which is long com-
pared with the period of vibration of the atoms involved. In 
practice, however, it is more convenient to perform an en-
semble average of Eq. (8) over a canonical ensemble defined 
by the Hamiltonian of the system. Classically this average is 
understood to be a mean over all possible initial states 
weighted with the corresponding Boltzmann factor. Assum-
ing that the vibration of the atoms may be described by a 
quadratic Hamiltonian it may be shown thae2 
(9) 
where the brackets ( ... ) denote the ensemble or thermal 
average. 
In the case of a harmonic oscillator the mean square 
amplitude of vibration ( Q ~ ) may be related to the average 
energy of the oscillator (E, ) , 13 
( 2 ) _ (E,) _ 1 [ w, + l&J ) Q n - -2- - -2 (Z-- /k T)- 1 2 n ' {!) 11 {!) 11 exp TIW 11 B 
(10) 
where {!) 11 is the frequency ofthe nth normal mode and k8 is 
Boltzmann's constant. The expression for the thermally 
averaged scattered intensity may now be written as 
(jA j2} = IIa;aje-Mij, ( 11) 
j j 
where Mii = p:(J.tij )2 (Q ~) and the product of exponential 
terms in Eq. (8) has been replaced by a sum in the exponent of 
Eq. ( 11 ). The exponent M ii represents the Debye-Waller fac-
tor for the scattering process. 
For computational purposes Eq. ( 10) may be conve-
niently written in terms of a hyperbolic cotangene4 
(Q,) = -coth --. 2 fz ( &>, ) 
2uJ, 2knT 
(12) 
For low frequency modes or at high temperature the mean 
square amplitude of vibration may be approximated as 
(Q!) ::::kB T /{J)~ (13) 
and the Debye-Waller varies linearly with temperature. At 
low temperatures or for very high frequency modes the mean 
square amplitude of vibration may be written as 
(Q!)::::!fz/(JJ, (14) 
and the Debye-Waller factor is temperature independent. 
Ill. THE EXAFS PROBLEM 
While EXAFS is primarily a single scattering probe in 
certain instances low-order multiple scattering events con-
tribute significantly to the extended structure. Teo7 and Bo-
land et a/.8 have shown that a three-atom system comprised 
of an absorbing atom and two neighboring atoms is sufficient 
to account for all significant multiple scattering effects in 
EXAFS. The phase and the amplitude of the multiple scat-
tering components were shown to be a function of the geom-
etry of the triatomic system. 8 An EXAFS analysis based on a 
knowledge of these components will then allow bond angles 
to be determined. 
To study the effect of thermal vibrations on these multi-
ple scattering EXAFS components let us consider the three-
atom system shown in Fig. 1. We shall first consider the 
general case in which the system has C, symmetry. The in-
stantaneous positions of the atoms with respect to each other 
are also shown in Fig. 1. The expression for the EXAFS of 
this three-atom system in the absence of thermal vibrations 
is given by8 
X0(k,e) = x~(k,e) + 2x~(k,e) + x~(k,e). (15) 
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FIG. 1. The general three-atom system. The equilibrium positions of the 
central atom (0), first nearest neighbor atom (J) and second nearest neigh-
bor atom (1) are shown as filled circles. The displacement of these atoms 
from their respective equilibrium positions are shown as open circles. 8 rep-
resents the equilibrium bridging angle. The equilibrium position of the cen-
tral atom was chosen to represent the origin of the system. 
The superscript zero indicates the absence of vibrations and 
k is the photoelectron wave number defined by 
k = [2m(w- E0jp 12!1i, where w is the photon frequency 
and E0 is the threshold energy. The subscripts S, D, and T 
refer to single, double, and triple scattering events, respec-
tively, and e is the unit vector in the direction of polarization 
of the incident x-ray beam. 
The single scattering EXAFS, x~(k,e), consists of two 
terms each corresponding to single scattering events involv-
ing the neighboring atoms at r = r; and r = r1 [see Figs. 2(a) 
and 2(b)]. x ~(k,e) may be expressed as 
x~(k,e) = L X~a (k,e), 
a=i,j 
where 
o (k e)= _ 3(ra·W ( - m(217l) 
Xsa ' kr1:. If 
a 
Xlm [ ( -ka\Ta\ka}i"'a"•aeli.S,] (16) 
and k = kr a. The T-matrix element represents the probabil-
ity amplitude for scattering a photoelectron incident in di-
r) 
0 
.. 
I 
j • ?7j 
(a) (b) (c) 
0 
~i 
(d) (e) 
FIG. 2. The five significant scattering paths in a system of three atoms. (a) 
and (b) represent the single scattering paths from atoms i and j. The two 
double scattering paths (c) and (d) are identical by virtue of time-reversal 
symmetry. The triple scattering path is shown in (e). 
rection ka into direction - ka and 81 is the phase shift due 
to the central atom potential. The double scattering EXAFS, 
X ~(k,e), involves events in which the photoelectron succes-
sively scatters off one neighboring atom and then scatters off 
the other remaining neighboring atom. The order in which 
the scattering occurs does not effect the probability ampli-
tude so that this term is counted twice in Eq. (15) [see Figs. 
2(c) and 2(d)]. x~(k,e) may be written as 
o A - 3(r;·e)(r1·e) (m2(217l) XD(k,e) = 4 
kr;r1rij li 
Xlm { (- k;\T;\kij)(kij\1j\k1 ) 
X exp[ i(k1·r1 + kij•rij + k;•r;)]e2;.s, J, (17) 
wherekij =krij =k(r; -r1)/\r; -r1 j.Thetriplescattering 
EXAFS term x~(k,e) describes a process in which the outgo-
ing photoelectron first scatters off the nearest neighboring 
atomj then scatters off atom i and finally scatters off atomj 
once again [see Fig. 2(e)]. X ~(k,e) may be written as 
o(keJ= -3(rj·W (-m3(21Tl6)r l<-kiTI-k .. ) 
X r ' k~~, li6 m ; ' '' 
J I} X<- kij IT; \kij) (kij \1} \kj) 
X exp [ 2i(k1•r1 + kiJ•riJ) Je2;.s, J. (18) 
An expression for the EXAFS due to the instantaneous 
configuration of three-atom system shown in Fig. 1 may be 
obtained by replacing the relative equilibrium position vec-
tors of the atoms by their respective instantaneous position 
vectors. Retaining only the lowest order terms in the dis-
placement, the EXAFS, x (k,e), due to this configuration is 
given by 
x(k,e) =X~ exp [ 2ikr a ·(ua - Uo)] + 2X~ 
xexp{ik [r1·(u1 - Uo) + rij·(u;- u1)]] 
xexp{ik [r;·(u;- Uo)]] + x~ 
Xexp{2ik [r1·(u1 - Uo) + riJ•(U;- u1)Jl, (19) 
where a = i,j and U;, u1, and 11o are the displacement vectors 
of neighboring atoms i andj and the central atom from their 
respective equilibrium positions. Note that we have neglect-
ed any changes that occur in the scattering angles due to the 
displacement of the atoms. Such angular changes are a high-
er order effect and may be treated separately. 19 We may now 
proceed as described in the previous section by expressing 
the displacement vectors in terms of normal coordinates. 
Thus, 
U; = L e7Qn (20) 
n 
and we may rewrite Eq. ( 19) as 
x(k,e) = x~exp ( 2ik f ll':.o Qn) 
+ 2X~ exp[ ik f (#p + ll'J + f:l~lQn] 
+X~ exp( 2ik f (#p + f:lij)Qn ]• (21) 
where/:l'ij = rij·(e7- ej) and represents the maximum effec-
tive change in the distance along the equilibrium internu-
clear axis between atoms i and j in the nth normal mode of 
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vibration. A similar interpretation applies to the terms ~t'P 
and J-t7o. For the three-atom system under consideration 
there are in total nine degrees of freedom so that the sum 
over n above extends to three terms for nonlinear systems 
and four terms for linear systems. 
+ 2x~ exp [- ~k 2 ~ (.u'P + J-tij +~t~)2 (Q~)] 
+ii-exp [ -2k 2 ~(.u'P +~t;j)2 (Q~)l 
(22) The experimentally observed EXAFS may be obtained 
by performing an ensemble average ofEq. (21) as described 
in Sec. II. Using Eq. (9) above, the thermally averaged EX-
AFS for the general system of c. symmetry is then given by 
(x(k,e)) = x~ exp [- 2k 2 ~ (.u~0 )2(Q~)] 
The exponential terms in Eq. (22) correspond to the Debye-
Waller factors for each of the scattering processes. The De-
bye-Waller factor obtained for the single scattering EXAFS 
is identical to that found by previous investigators.3.4 
IV. APPLICATION TO MODEL SYSTEMS 
For our present purpose it is convenient to write out Eq. (22) in detail: 
(x(k,e)) =X~ exp {- 2k 2 ~ Wa·e~)- (ra·e~)] 2 (Q~)} 
+ 2x~exp {- ~k 2 ~ [(1"1-ej)- (r1 ·e~) + (rij·e?)- (rij·ej) + (r;·e?)- (r;·e:)] 2 (Q ~)} 
+X~ exp {- 2k 2 ~ [r1·en- (r1 ·e~) + (r;1·e7)- (rij·ej)] 2(Q~) }. (23) 
where a= i,j. Now consider that the three atom is symmetric and bent with a bridging angle() and belongs to the C zv point 
group. The normal modes of vibration transform as 
Fvib = 2A 1 +B1• (24) 
The two totally symmetric A 1 modes correspond to a symmetric stretching and bending mode of vibration. The B 1 mode is 
associated with the asymmetric stretch. A schematic representation of the normal modes of the three-atom system are shown 
in Fig. 3. Note that all displacement vectors are confined to the plane defined by the three atoms. 
The symmetry of the system results in a simplification ofEq. (23) which is dependent on the normal mode in question. All 
normal modes in the C zv point group are subject to the following conditions: 
For all modes m0 = m; = m, (25) 
in a C zv point group: I~ I = le?l, 
where m0 and m; are the masses of the central atom and neighboring atom i, respectively. In addition, a study of either Figs. 
3(a) or 3(b) shows that the following restrictions apply to both A 1 type modes of vibration: 
(r1-eg•) = - (rij·e1•), 
A 1 mode: 
An analogous set of conditions apply to the B 1 mode of vibration [see Fig. 3(c)] 
(r1.eg•) = (r;ref•), 
B 1 mode: (rij·ef•) = (r1·ef•), 
(r;·eg•) = (r;·ef•). 
(26) 
(27) 
With the aid ofEqs. (25), (26), and (27) the thermally averaged EXAFS, Eq. (23), for a three-atom system of C zv symmetry 
may be reduced to 
(x(k,e))c2" = x~ exp {- 2k 2 ~ [(Y1 ·eJ•)- (r1 ·eg•)] 2 (Q~,)} exp {- 2k 2 [(Y1-ef•)- (r1 -eg•)] 2 (Q~.)} 
+x~,exp { -2k 2 ~ (2(r;·e1•)] 2 (Q~.>} +2x~exp{ -!k 2 ~ (2(rij·e1•J+2(r1 -ef•J+2(r;·e1•)] 2 (Q~.)} 
+ x~ exp {- 2k 2 ~ (2(riJ·e1•) + 2(r1 -eJ•l] 2 (Q~.) }• (28) 
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where X~~ and X~1 are the single scattering contributions to the EXAFS from atoms i andj in the absence of thermal vibrations. 
The Debye-Waller factors in Eq. (28) have been factored into two terms to emphasize the separate contributions of theA 1 and 
B1 type modes. Note that the double and triple EXAFS components receive no contribution to their Debye-Waller factors 
from the B 1 normal mode. The asymmetric B 1 mode contributions only to the single scattering Debye-Waller factor for the 
first shell atom. 
A calculation of the Debye-Waller factors for the C 2" system requires a full normal mode analysis. Before doing so it is 
interesting to consider a linear symmeric configuration as a limiting case of a system with C zv symmetry. Suppose that the 
interatomic distances rj and rij are equal and the terminal atoms are of the same kind. Then the system belongs to the D oo h 
point group and the normal modes of vibration transform as 
rvib =~II++~ u+ +flu• (29) 
A schematic representation of the normal modes of the system are shown in Fig. 4. The bending modes flu are degenerate and 
may be interconverted by a rotation of 90" about the axis of the molecule. 
The symmetry of the system requires that the following condition must always be satisfied: 
m0 =m; =m. 
For all modes: rj = r; = r;j• 
inaDoohgroup le~l = le?l· 
(30) 
In addition, the following restrictions apply to each of the normal modes of vibration (see Fig. 4): 
""' + d (A z g+) (A z g+) I z + I 0 ~II mo e: rj·e0 = - rij·e; , ej g = . 
11" mode: (rj·e~") = (rj·e:r·) = (rj·ejn") = 0. 
'("' + d •(A z t) - (A z:) ~" mo e. rj·eo - rj·e; . (31) 
With the above conditions satisfied, the expression for the thermally averaged EXAFS in a three-atom system of 
symmetry D oo h is given by 
(x(k,e))D~• = x~ expl- 2k 2(rj.e;t)2 (Q~g+) ]expl- 2k 2 [(rj·e::)- (rj·e~"+lP<Q~.+)] 
+ x~ exp 1- 2k 2 [2(r;·eTt)p(Q:_ +)] + 2lb exp I- !k 2 [ 4(r;·eTg+ lP<Q~ +)] 
I ~ 8 8 
+ x~ exp I- 2k 2 [2(r;·eTt)p(Q~ +) ]. 
g 
The degenerate bending modes of vibration do not contri-
bute to any of the Debye-Waller factors in Eq. (32). This 
occurs because the displacement vectors in these modes have 
no components along the axis of the three-atom system. Fur-
thermore, the asymmetric stretching mode~"+ contributes 
only to the Debye-Waller factor in the first shell single scat-
tering EXAFS. 
(a) A 1 STRETCH (b) A 1 BEND 
{c) 8 1 STRETCH 
FIG. 3. Schematic of the normal modes in a three-atom system of C 2• sym-
metry. There are three normal modes, two of A 1 type symmetry and a single 
B 1 mode. 
(32) 
To analyze the normal modes of the C zv three-atom 
system it is convenient to introduce the internal displace-
ment coordinates R 1 and R2 together with an angle bending 
coordinate t53 • R 1 and R 2 represent the change in the bond 
• • • . .. L~ STRETCH 0 
Ilu BEND 
• • ... .. . L: STRETCH 0 
FIG. 4. Schematic of the normal modes in a three-atom system of D~• 
symmetry. The symmetric stretch .It involves no motion of the interven-
ing atomj. The degenerate bonding modes n. may be interconverted by a 
rotation of90' about the molecular axis. The asymmetric stretch .I.+ is the 
limiting case of the single B 1 mode in a C 2" system [Fig. 3(c)]. 
J. Chern. Phys., Vol. 80, No.7, 1 April1984 
Downloaded 08 Sep 2006 to 131.215.225.158. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
3010 J. J. Boland and J.D. Baldeschwieler: Extended x-ray absorption fine structure. 1 
{b) 
0 
{c) 
FIG. 5. The symmetrized coordinates used in a normal mode analysis of the 
three-atom system. sl and s2 transform as A I in a c 2v system while s3 trans-
forms as B 1 and is identical, apart from a constant factor, to the asymmetric 
stretching mode. 
lengths rj and rij from their respective equilibrium values. 
The bending coordinate ~3 represents the change in the 
bridging angle 0. For small amplitudes of vibration both the 
kinetic and potential energies of the system may be expressed 
as quadratic functions of these coordinates. In the instance 
of a C 2" three-atom system the potential energy may be writ-
ten as 
(33) 
when the force constant a 11 = a 22 and there is no interaction 
force constant between the displacement and bending co-
ordinates. 
For computational purposes it is more convenient to 
introduce the Symmetry COOrdinates S 1• S2, and S3 ShOWn in 
Fig. 5. Note that S 1 and S2 transform as A 1 in the C 2" point 
group while S3 transforms as B 1. The potential and kinetic 
energies may be written as 
2v = CuS~ + C2~~ + C33S~ + 2c12S1S2 (34) 
and 
• • 2 • 2 •• 
2T= dliS~ + d22S 2 + d3~ 3 + 2d12S1S2. (35) 
The two sets offorce constants in Eqs. (33) and (34) are relat-
ed to each other by15 
ell= 2 sin2(0 /2)[all + a 12 ] + 4 cos2(0 /2)a33/rf, 
C12 = [2allp- 4pa331rf + 2a12 p]sin(O /2)cos(O /2), 
C22 = 2p2 cos2(0 /2)[all + a 12] + 4p2 sin2(0 /2)a33/rf, 
(36) 
where p = 1 + 2m!mj and r = 1 + (2m/mj )sin2((J /2). The 
coefficients in the expansion of the kinetic energy [Eq. (35)] 
may also be evaluated: 
d 11 =2m, d22 = 2mp, d33 = 2mr, 
dl2 = dl3 = d23 = 0. (37) 
The frequency of each normal mode of vibration may 
now be expressed in terms of the force constants aij and the 
bridging angle 0: 
A3 = 4rc2~ = (_!_ + _2_ sin2(B /2)] (all -ad, 
m mj 
At+ A2 = 4rc2(0 +vi)= [_!_ + _2_ cos2(0 /2)] 
m mj 
X all +a12 + - + -sm ( /2) -, ( ) 2 [ 1 2 . 2 (J ] a33 m mj rJ 
A1A2 = 16n·.4c40-vi = 2 (~ + - 2-) (a11 + a 12) a33 . (38) 
m mmj rJ 
A 1 and A2 are associated with the A 1 stretching and bending 
modes of vibration while A3 is associated with the asymme-
tric B 1 stretching mode. The normal modes of vibration may 
then be calculated from the secular equation defined by Eqs. 
(34) and (35): 
QA,(At) = (Cz2 -Atdzz!St- (C21 -Atd2t)S2, 
QA, (A2) = (C22- A2d22JS1 - (C2t - A2d21JS2, 
QB,(A3) = [(Cll -A3du)(C22 -A3d22J 
- (C21- A3d21)(Ct2- A3d12)JS3. (39) 
For the linear symmetric system of point group D =h 
the symmetry coordinates are identical to the normal coordi-
nates shown in Fig. 4. The explicit form of the symmetrized 
force constants and the frequencies of the normal modes 
may be obtained by substituting a bridging angle of 180" into 
Eqs. (36) and (38), respectively. 
The approach we shall adopt in this present work is as 
follows. Given the normal modes of vibration for a linear 
symmetrical system we can calculate all the force constants 
from Eq. (38) when (J = 180" is substituted for the bridging 
angle. These force constants are then used to calculate the 
frequencies of the normal modes and the symmetrized force 
constants in Eqs. (38) and (36) for a system of C 2" symmetry 
with a bridging angle 0. It is implicitly assumed that the 
force constants are independent of (J for the angular range of 
these calculations, (J = 1 00" -180". This approximation is 
least valid for a description of the bending modes. Given this 
information, the explict form of the normal modes may be 
calculated from the secular equation in Eq. (39). The calcu-
lated frequency of each normal mode allows the mean square 
amplitude of vibration to be determined [Eq. ( 12)]. The con-
tribution to the De bye-Waller factors from each normal 
mode may then be summed to obtain the total factor in Eq. 
(28) for each scattering path. 
The systems chosen for this study are shown in Table I. 
The Debye-Waller factor at 10 K for each of these three-
atom systems was calculated using Eq. (28) together with the 
normal modes calculated as described above. The results of 
these calculations are shown in Fig. 6. The calculated fre-
quency of each of the normal modes of the BeBr2 compound 
as a function of bridging angle are shown in Fig. 7. This 
TABLE I. Normal frequencies ofthe model systems.• 
System v1(cm- 1) v2(cm- 1) v3(cm- 1) m/mj 
AuBr2 209 77 254 0.40 
CuBr2 193 81 322 1.26 
CSe2 364 313 1303 6.58 
BeBr2 230 220 1010 8.88 
Bel2 160 175 873 14.11 
"Reference 16. 
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compound was chosen for a detailed study as is mass ratio is 
typical of that encountered in instances where multiple scat-
tering is significant. The temperature dependence of the De-
bye-Waller factor for the BeBr 2 system with three different 
bridging angles is shown in Fig. 8. 
V. DISCUSSION 
The Debye-Waller factors for the series of three-atom 
systems described in Table I are shown in Fig. 6. Note that 
the double scattering factor has been divided by four so that 
the De bye-Waller factor for each scattering path has the 
standard form exp( - 2k 2a2) [see Eq. (28)]. At all tempera-
tures the Debye-Waller factors associated with the second 
shell single scattering, the double scattering and the triple 
scattering EXAFS components converge to a single value at 
a bridging angle of 180•. This convergence is required by Eq. 
(32) which describes the Debye-Waller factor for a linear 
system as a limiting case of that for a similar but bent system. 
The relative magnitudes of the Debye-Waller factors 
associated with the various scattering paths deserves com-
ment. A normal mode analysis of each system shown in Ta-
ble I indicates that for all mass ratios (mlmj) at a bridging 
angle of too• the displacement vectors of the terminal atoms 
in the A 1 stretch make an angle of about 40• with the base of 
the isosceles triangle which represents the system. As the 
system approaches linearity this angle decreases until it is 
zero when the bridging angle is t8o•. In the case of the A 1 
bend this angle depends on the mass ratio of the system. For 
small mass ratios the displacement vectors of the terminal 
atoms make an angle of about 150• with the base of the trian-
gle. When the mass ratio is larger this initial angle is closer to 
t8o•. In both cases as the system becomes less bent this angle 
decreases until it is 90• when a bridging angle of tso· is 
achieved. The contribution of a given mode to the Debye-
Waller factor for a particular scattering path is dependent on 
the frequency of the mode due to the presence of the Boltz-
mann factor in Eq. ( 10). In general, both the asymmetric 
stretch and symmetric bend increase in frequency as the sys-
tem becomes less bent while the frequency of the symmetric 
stretch decreases (see Fig. 7). Furthermore, different scatter-
ing paths show different degrees of sensitivity to the displa-
cements of the atoms that occur in a given normal mode. For 
instance, the triple scattering path receives a large contribu-
tion to its Debye-Waller factor from the A 1 stretching mode. 
This scattering path is, however, very insensitive to the A 1 
bending mode except perhaps at small bridging angles ( 100•) 
where the frequency of the bend is low and the displacement 
vectors of the terminal atoms still have significant compo-
nents along the internuclear axes. At large mass ratios the 
contribution to the triple scattering Debye-Waller factor 
from the A 1 stretch increases as the frequencies of the two A 1 
modes become comparable (see Table I). On the other hand, 
the second shell single scattering De bye-Waller factor re-
ceives a large contribution from the A 1 bend. This is particu-
larly true at small bridging angles (where the frequency is 
low) and at high mass ratios where the displacement vectors 
of the terminal atoms have large components along the base 
of the isosceles triangle. 
From Fig. 6 it is apparent that the first shell single scat-
tering and the triple scattering Debye-Waller factors in-
crease as the mass ratio increases. This occurs because both 
of these scattering paths are sensitive to the A 1 stretch whose 
frequency drops relative to the A 1 bend as the mass ratio 
increases. When the frequency of the A 1 bend is greater than 
the A 1 stretch the magnitude of the triple scattering Debye-
Waller factor surpasses that of the second shell single scat-
tering [see Fig. 6(e)]. The double scattering factor, however, 
is sensitive to both A 1 type modes. At small angles this scat-
tering path receives a large contribution to the Debye-
Waller factor from the A 1 bend. As the system approaches 
linearity the frequency of the A 1 bend increases and the com-
ponents of the displacement vectors of the terminal atoms 
diminish so that the contribution from this mode decreases. 
The contribution to the Debye-Waller factor from the A1 
stretch increases, however, due to the reduced frequency of 
this mode at large angles. 
The temperature dependence ofthe Debye-Waller fac-
tors for the BeBr 2 system is shown in Fig. 8. The low frequen-
cy of the bending mode at small bridging angles (tOO•) causes 
the second shell single scattering De bye-Waller factor to 
have the observed sharp temperature dependence. The inter-
play of both A 1 modes in determining the Debye-Waller fac-
tor for the double scattering path is evident from Fig. 8. At 
small bridging angles the temperature dependence of the 
double scattering term is more severe than that for the triple 
scattering term. This occurs because the double scattering 
path is sensitive to the A 1 bend which has a low frequency at 
these angles while the triple scattering path is most sensitive 
to the A 1 stretch which occurs at much higher frequencies 
(see Fig. 7). As the system approaches linearity, however, the 
temperature dependence of both the double and triple scat-
tering paths become very similar due to the dominant contri-
bution of the A 1 stretch to each Debye-Waller factor. In 
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general, it is apparent that the Debye-Waller factors for 
each scattering path are strong functions of temperature. At 
sufficiently low temperatures each Debye-Waller factor is 
independent of temperature while at higher temperature the 
Debye-Waller factors vary linearly with temperature in 
agreement with Eqs. (13) and (14). 
The purpose of this present study is to provide an un-
derstanding of the Debye-Waller factor in EXAFS so that 
accurate bond angles may be determined. A standard meth-
od of analysis for EXAFS data that contain a significant 
multiple scattering component has not yet been presented. 
Teo7 has suggested that the terms involving the second shell 
atom in Eq. ( 15) may be combined and that the resulting 
expression can be analyzed as though it described a single 
scattering EXAFS process with a modified amplitude and 
phase. This results in a considerable simplification of the 
data analysis. This approach, however, neglects the polar-
ization terms in Eq. ( 17). In addition, it assumes that the 
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FIG. 8. Temperature dependence of the Debye-Waller factors for the BeBr2 
system at three bridging angles. (a) 8 = 120". (b) 8 = I so•. (c) 8 = 170". 
Debye-Waller factors for all scattering paths involving the 
second shell atom are the same. To study the significance of 
this latter assumption the resulting modification in the am-
plitude of the double and triple EXAFS components in the 
BeBr2 system were calculated and are shown in Fig. 9. All 
amplitude calculations were carried out at k = 10 A -I, the 
amplitude modification is smaller and larger at smaller and 
larger values of k, respectively. The errors involved are clear-
ly larger at small bridging angles and high temperatures. At 
low temperatures, the larger modification occurs in the am-
plitude of the double scattering component while at higher 
temperatures the amplitude of the triple scattering compo-
nent is more sensitive. For a bridging angle of 120" the ampli-
tudes of the double and triple scattering terms are reduced by 
a factor of 11.1 and 19.4, respectively, at room temperature. 
The reductions in the amplitudes are considerably less for a 
system that is approximately linear, especially at low tem-
perature [see Fig. 9(d)]. 
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The calculations in Fig. 9, however, assume that the 
single scattering and multiple scattering paths contribute 
equally to the EXAFS. The ratio of the intrinsic amplitudes 
of the double and triple scattering terms is 
I 0 0 2(r;·r1)r1riJI.t;(P,kll 2XD1Xrl= , 
r; I Jj(a,k lll,/;(tr,k ll (40) 
where a andP are the scattering angles at atomsj and i and 
the T matrices in Eqs. (17) and (18) have been written in 
terms of their respective scattering amplitudes. In instances 
where multiple scattering is important, 120• <P < tso· and 
l,/;(tr,k ll ~ IJ;if3,k ll due to the presence of a local maximum 
in the scattering amplitude in the backward direction. 17 For 
symmetric systems r1 = riJ and r; = 2r1(r;·r1) so that the ra-
tio is given by 
l2lb!x~l-r11lfj(a,k ll· (41) 
The triple scattering EXAFS component will dominate 
when the bond distance r1 is small or when the scattering 
amplitude through an angle a is large for the intervening 
atomj. In general, the multiple scattering term which domi-
nates is dependent on the geometry of the system and the 
nature of the intervening atom. If one term completely domi-
nates the EXAFS, then the other terms may be neglected 
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and Teo's approximation is always valid. The errors shown 
in Fig. 9 are significant only ifboth multiple scattering terms 
and the single scattering term are comparable or if one multi-
ple scattering term and the single scattering term are com-
parable while the remaining multiple scattering term is 
small. If both multiple scattering terms are comparable in 
magnitude and greater than the single scattering term, then 
we must compare the difference in the Debye-Waller factors 
of the multiple scattering terms to obtain the error in the 
amplitude. This error is typically smaller than those shown 
in Fig. 9 (see Fig. 8). 
A study of the temperature dependence of the Debye-
Waller factors reveals that there exists a temperature where 
the double and triple scattering factors are equal. This cross-
over point occurs because the triple scattering path is less 
sensitive than the double scattering path to the low frequen-
cy bend mode. Since the frequency of this mode increases as 
the system becomes less bent the temperature of the cross-
over point also increases (see Fig. 8). Provided the single 
scattering contribution to the EXAFS is small, an analysis of 
data collected at this temperature, and based on Teo's as-
sumption, is rigorous and should yield accurate results. If 
the normal frequencies of vibration are known and a reason-
able estimate ( ± 15") of the bridging angle exists this cross-
over temperature may be calculated from Eqs. (28) and (12). 
Recently, Alberding and Crozier18 discussed the analy-
sis of EXAFS data which contained a significant amount of 
multiple scattering. They considered a p,-oxo system, Fe20, 
and a dihydroxy bridged system, Fe2(0Hh. The F~O sys-
tem is approximately symmetric with a bridging angle of 
164" and an Fe-0 bond length of 1.8 A. Using an analysis 
similar to that described by Teo/ Alberding and Crozier 
obtained a bridging angle of 180" and an Fe-Fe distance of 
3.63 A (compared to an actual distance of 3.55 A). These 
results are not surprising since Teo's analysis is not strictly 
valid in this instance, especially at high temperature [see Eq. 
(41) and Fig. 8]. A calculated bridging angle of 180" might be 
explained by the fact that the Debye-Waller factors associat-
ed with each scattering path which are constrained to be 
equal by the analysis, are in fact, equal only at this bridging 
angle. A second model analysis involving a bending mode 
was also proposed. This latter method obtained a better Fe-
Fe distance and bridging angle. The residual surface, how-
ever, was broad and ill defined. For a general analysis a com-
bination of both of these methods should be used, since in 
reality, even the bend mode produces a change in the Fe-0 
distances and the stretching mode produces some change in 
the scattering angle. 
In conclusion, the Debye-Waller factors in EXAFS 
spectra which contain a significant multiple scattering com-
ponent are sensitive to the geometry of the system. The accu-
racy of Teo's approximation depends on which term or 
terms dominate the EXAFS for the system in question. In 
general, there will be a significant discrepancy if any two or 
more of the scattering paths involving the second shell atom 
have comparable amplitude. The magnitude of this discrep-
ancy is smallest for systems with large bridging angles and at 
low temperatures. In instances where the contribution to the 
observed EXAFS from the single scattering path is small a 
temperature range exists in which the above approximate is 
very accurate. 
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